Wireless Systems operating over frequency-selective channels and we propose a low-complexity but efficient resource allocation algorithm for MIMO-enabled OFDMA systems. The proposed solution guarantees a minimum spectrum share for each user while also takes advantage of the multicast transmission mode. The presence of multiple antennas in both transmitter and receiver offers spatial diversity to the system along with the frequency diversity added by the OFDMA access scheme. The computational complexity is reduced from exponential to linear and validation of the proposed solution is achieved through various simulation scenarios in comparison with other multicast and unicast reference schemes used in MIMO-OFDMA systems. Numerical results and complexity analysis demonstrate the feasibility of the proposed algorithm.
Introduction
Future wireless systems along with voice are envisioned to provide plethora of rich multimedia services like mobile TV, video conferencing, and so forth, with various bandwidth requirements [1] [2] [3] [4] [5] . The introduction of new applications such as streaming video and up-to-date information distribution services (e.g., news, stock market, weather forecasting, etc.) has brought about the need for communication between one sender and many receivers. Communication between one transmitter and multiple receivers can be achieved by either the unicast or the multicast transmission mode [1] [2] [3] [4] [5] [6] [7] [8] .
Works [1] [2] [3] [4] study Multimedia Broadcast Multimedia Service (MBMS) delivery to large group of users. Particularly, in [1, 2] authors conclude that a hybrid unicast-multicast delivery offers the best system resource utilization, while in [3] , the case of reserved resources for multicast services is investigated and in [4] the use of multiple transmit and receive antennas is considered for multicasting, in order to achieve higher data rates. However, the aforementioned studies refer to Wideband Code Division Multiple Access (WCDMA) mobile networks and Orthogonal Frequency Division Multiple Access (OFDMA) scheme is the modulation and multiple access scheme adopted for next-generation wireless systems [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] .
OFDMA is based on Orthogonal Frequency Modulation (OFDM) scheme and helps exploit multiuser diversity in frequency-selective channels, since it is very likely that some subcarriers that are in deep fade for some users are in good channel state for at least one of the other users [9, 12, 14] . Because of its superior performance over frequency-selective channels, OFDMA is embedded in multicast technologies for the efficient transmission of multimedia streams to mobile devices using TV [5] , and it is the preferred technology in the Broadband Wireless Access (BWA) standards [10] . Finally, authors in [11, 12] show that the optimal policy in order to eliminate intracell interference is the exclusive assignment of each subcarrier to only one user.
Dynamic resource allocation algorithms have been developed in order to exploit the multiuser diversity that OFDMA offers and improve system capacity. More specifically, in [13] the available subcarriers are divided into a number of partitions and each user acts in parallel and attempts to select the partition with the highest average channel gain while in [14] , capacity enhancement is achieved along with fairness criteria imposed to users. Similarly, authors in [15] introduced an iterative scheme so that quality-of-service (QoS) requirements of users are fulfilled with the objective to minimize the total transmit power. On the other hand, when multiple users demand the same multimedia content (Figure 1 ), we can overcome the policy of exclusive subcarrier assignment to each user and allow many users to share the same subcarrier [6, 8] . In this case, the transmitter establishes one link with a group of users which demand the same multimedia content. This kind of transmission is called multicast transmission in contrast to unicast transmission mode, wherein data has to be transmitted to each user separately. This is a great advantage of multicast mechanism which enhances significantly the system capacity.
To that end, authors in [6] propose a low-complexity algorithm which aims at improving the system data rate. The algorithm assigns each subcarrier to the group with the best channel conditions and the biggest number of member multicast users, and in [7] a heuristic algorithm for allocating resources is proposed in order to minimize power consumption. However, the aforementioned schemes focus on Single-Input Single-Output (SISO) systems and cannot be applied to MIMO systems directly [8] , which are going to play a key role in future BWA communications [18, 19] .
In fading environments, MIMO technology offers significant increase in link range and improvement in spectrum efficiency without additional spectrum and power requirements. Due to these properties, MIMO systems have received much attention by researchers and manufacturers. The block diagram of a MIMO system is given in Figure 2 , wherein we can see the spatial diversity added to the system by the presence of multiple antennas. Spatial diversity in combination with the fading diversity of the OFDMA technology, can improve significantly the overall system performance.
The high computational complexity of optimally allocating subcarriers in MIMO systems [18] has driven many studies to propose exclusive allocation of each subcarrier to only one user despite the presence of multiple antennas in both transmitter and receiver [19] [20] [21] [22] [23] [24] [25] [26] . In [17] we apply this approach, and more particularly we use the suboptimal subcarrier allocation criteria introduced in [19] . Similarly, authors in [8] apply a greedy suboptimal approach and allocate each subcarrier to the multicast group which offers the highest capacity gain without considering fair spectrum accessibility for users.
In this paper, motivated by works in [6, 8] , we extend our work in [17] by addressing the resource allocation problem in an MIMO-aided wireless system, wherein multiple groups of users demand the same content with bandwidth access guarantees, contrary to schemes in [6, 8] which apply greedy policy and the only target is the maximization of the aggregate data rate. Moreover, the proposed scheme gives much better data rates compared to static Time Division Multiple Access (TDMA) scheme [27] and reduced complexity implementation.
The rest of the paper is organized as follows. Section 2 introduces the multiple antenna OFDMA multicast system model and formulates the optimization problem. The proposed suboptimal algorithm is analyzed in Section 3, while algorithm complexity issues are investigated in Section 4. Section 5 gives the simulation parameters and Section 6 presents the numerical results. Finally, Section 7 contains concluding remarks.
System Model and Problem Formulation
The block diagram of the considered MIMO-OFDM-based wireless multicast system is given in Figure 2 , wherein the spatial multiplexing mode of MIMO is assumed as in [8, 17, 19] . We consider a base station (BS) which serves K wireless users over N subcarriers. Let N t be the number of antennas at the BS and N r the number of antennas at each wireless user. Thus, the channel matrix of user k on subcarrier m is an N r × N t matrix denoted by
where h k,n r,t is the channel gain from the tth transmit antenna to the rth receive antenna of user k on the mth subcarrier. It is also assumed that the eigenvalues of H k,n H T k,n are {λ
, where M = min(N r , N t ). Hence, for certain values of k, n, a group of eigenchannels exists denoted by the above eigenvalues, according to SVD decomposition. Also, denoting the 
where K k=1 X k,n p k,n is the overall transmitted signal on subcarrier n and p k,n represents the power of subcarrier n when assigned to user k. N k,n is the N r × 1 noise vector.
Each user's bits are modulated into N M-level Quadrature Amplitude Modulation (QAM) symbols, which are subsequently combined using the IFFT into an OFDMA symbol. For a square M-level QAM using Gray bit mapping, the Bit Error Rate (BER) can be approximated to within 1 dB for r i k,n ≥ 4 and BER i k,n ≤ 10 −3 as in [28] , being
where
The great advantage of the multicast transmission is that data can be delivered to multiple receivers through a single transmission. However, each member user (MU) of a multicast group (MG) experiences a different Signal-toNoise Ratio (SNR) on a specific subcarrier from other users in the same group. In other words, achievable data rates by individual users in a group are not equal on a particular subcarrier, and a widely adopted approach is to transmit at the data rate determined by the MU with the worst channel condition in an MG [6, 8] . This approach assures that a multicast service can be provided to all users within an MG.
Therefore, the BS transmits data to the jth group through subcarrier n with rate
where K j denotes the user set of multicast group j and W refers to the total system bandwidth. Hence, the aggregate data rate of group j, with the help of (4), is
where | · | denotes the cardinality of the set. In this paper, the following assumptions are used.
(i) The BS has perfect knowledge of channel state information (CSI) of all users in the system via dedicated feedback channels, and it is able to determine the maximum rate a user can receive data, as well as on which subcarrier the transmission takes place.
(ii) The transmitted signals experience slowly time varying fading, so the channel coefficients can be regarded as constants during the resource allocation process.
(iii) The transmission power is equally distributed among subcarriers; that is,
Water-filling power allocation brings marginal performance enhancement over fixed power allocation combined with Adaptive Coding and Modulation (ACM), as authors in [11] have proven.
(iv) We assume the subcarrier allocation matrix X G×N = [x j,n ], whereby x j,n = 1 if MG j is assigned subcarrier n and x j,n = 0 if not. A subcarrier can be shared by multiple users but only by users of the same MG. Each subcarrier can be assigned to only one MG. Considering the assumptions previous, the optimization problem in order to maximize the aggregate data rate while a minimum spectrum share is ensured for each MG is formulated as follows:
subject to
In the problem formulation, the binary variable x j,n represents the assignment of subcarrier n to the multicast group j and constrains (8) and (7) ensure that intracell interference is avoided since one subcarrier can only be allocated to at most one MG. Constraint (9) guarantees a portion of the available resources to each MG. The concept of minimum bandwidth assurance has also been studied in [16] for relay-enhanced systems, and it is also considered in our approach in [17] for MIMO systems, while (10) express that the subcarriers guaranteed for all groups cannot exceed the total number of available subcarriers in the system. Finally, constraints (11) and (12) express the BS power limitation, whereby P t denotes the total BS transmission power.
It is very hard to determine the optimal solution of the problem (6)-(12) within a designated time, since the problem in (6)- (12) is NP hard and has exponential complexity of O(G N ) (Section 4). It also involves both continuous and binary variables, and the nonlinear constraints increase the difficulty in finding the optimal solution. Hence, we resort to suboptimal heuristic algorithms which are more suitable for practical implementations.
The Proposed Resource Allocation Algorithm
This section provides and analyzes the proposed low complexity resource allocation (LCRA) algorithm. The pseudocode of the LCRA algorithm is given in Algorithm 1. For the sake of clarity, the pseudocode is divided into steps which are described as follows:
Outputs:
(1) Initialization:
Inputs of the LCRA algorithm are the sets of the total available subcarriers N , the set G of MGs, the set C which represents the spectrum access guarantee of each MG, and the rate matrix R G×N which denotes the attainable data rates of MGs on each one of the available subcarriers. Output is the subcarrier allocation matrix, and in step 1 subcarrier indicators x j,n are set to zero for all MGs and all subcarriers.
In step 2, the BS seeks the matching of MG j * and subcarrier n * which contributes the most to the total capacity. In the following, the algorithm examines if the selected MG has already its minimum spectrum portion (9) . If that is true, the minimum spectrum index C j * the particular MG is excluded from the set C and consequently MG j * is excluded from subsequent iterations of this part of the LCRA algorithm. In case the MG has not been allocated its minimum number of channels, the subcarrier n * is allocated to MG j * and then the subcarrier n * is excluded from the set of available subcarriers N in order to fulfill (8) . The procedure is repeated until the set C is empty or, in other words, each MG has got its minimum subcarrier allotment. The procedure could also stop if there were no more available subcarriers, despite the fact that some MGs may have lower number of subcarriers than C j , j = 1 · · · G. However, this situation is excluded because of (10). 
In step 3, if unallocated subcarriers exist, those are allocated according to the criterion of maximizing the aggregate data rate by allocating a subcarrier to the group with the best channel condition among all MGs. Then the selected subcarrier is excluded from the set N (satisfaction of (8)). This part enhances the system capacity.
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Algorithm 1: 
Complexity Analysis
The problem described by (6)- (12) is a binary integer programming problem with nonlinear constraints and finding the optimal solution requires G N possible subcarrier assignments. As a result the exhaustive search has an exponential complexity O(G N ) with respect to the number of subcarriers. In step 1, the algorithm requires constant time in order to form the involved sets and the power portion for each subcarrier.
In the second step, the pair of group and subcarrier which gives the highest R j,n among G MGs is found. In case an MG has been assigned its minimum channel portion, it is excluded from subsequent operations. In the worst case G comparisons are required for each one of the available subcarriers. For N subcarriers, we need G × N operations. Therefore, the complexity of this step reaches O(G × N).
Step 3 searches for the best MG j * among G MGs for the remaining N − [29] , and the proposed LCRA scheme is a linear-time algorithm which is very efficient compared to the number of operations G N for the exhaustive search.
It is worth mentioning that the design assumptions that only users of the same MG are capable of sharing a subcarrier and the spatial multiplexing MIMO mode we adopted, reduce significantly the system complexity. Exhaustive search for the optimal user selection for MIMO systems requires O(K NT /NR N ), assuming that, for every subcarrier, we select a subset of users and every selected user will use the full dimension of its receive signal space. Hence, finding optimal solution is prohibitive even for moderate values of K and N [18] . In our problem formulation, the complexity is also independent of the number of receive and transmit antennas and this is a feature of great importance since the computation complexity of MIMO-OFDMA systems increases significantly by the presence of multiple antennas [18] . Table 1 summarizes computational complexities of the proposed LCRA algorithm and other reference schemes.
Simulation Models and Parameters
We consider an OFDMA system with N = 128 subcarriers, wherein a BS serves G MGs and each one has equal number of users. Both BS and users are equipped with multiple antennas, and we consider N r = N t = 2 for our simulations. The available spectrum is W = 1 MHz and the Additive White Gaussian Noise (AWGN) is N 0 = −80 dBW/Hz (single-sided PSD). In all simulations presented in this section, we consider frequency-selective channel which consists of six independent Rayleigh multipath components (taps) for every downlink transmission path between any of the N t transmit antennas and N r receive antennas of each multicast user. As in [9, 14, 30] , an exponentially decaying power profile is considered, whereby the ratio of the energy of the lth tap to the first tap is equal to e −2l . We also assume a maximum delay spread of 5 μs and maximum doppler of 30 Hz. In all simulation scenarios the number of channel realizations is equal to 1000 and 10 time samples for each realization are used. The main simulation parameters are summarized in Table 2 .
In all scenarios, the proposed LCRA algorithm is compared for different values of C j , with the subcarrier allocation method proposed in [8] and static TDMA allocation proposed in [27] for multiple MGs. According to TDMA algorithm, each user is given a fair share of the channel resource regardless of the channel state. In our case, we apply the TDMA methodology for each MG according to (4) and (5). We find the user that determines the data rate of each group, otherwise the user with worst channel conditions on a subcarrier and we apply TDMA based on each MG. In order to distinguish the TDMA applied in multicast mode and unicast mode, we denote TDMA-MC the multicast TDMA algorithm and TDMA-UC the unicast TDMA algorithm. Both in the algorithm in [8] and in static TDMA algorithm, uniform power distribution is used. In addition, in our simulations we include popular unicast schemes like max-SNR scheduler and unicast schedulers with minimum bandwidth assurance for each user. For the unicast scheme with minimum bandwidth assurance, we use our proposed algorithm in [17] , which fits for MIMO systems. For max-SNR scheduler, fairness is not a design priority and assigns any subcarrier to the user with the highest SNR. Finally, in all simulations, different variants of the LCRA scheme are considered.
Each variant is determined by the value of C j which is equal for all MGs in each variant. In the simulations scenarios described in the next section, for each variant C j = N/(m · G) , where m ∈ Z + . In case of unicast transmissions, m is substituted by w. The relationship between these two variables for users in each MG is
Hence, for unicast transmissions, there is c k = N/(w · G) and we can see that as m increases, the number of guaranteed resources for each MG decreases.
It is important to highlight that as the number of MUs in an MG tends to infinity, the ergodic system capacity becomes independent of the MG size [31] .
We validate the proposed scheme based on: (1) The spectral efficiency and (2) the fairness pointer. Spectral efficiency is defined by (13) . S E is the total system data rate averaged by the system bandwidth:
Fairness pointer is given in (14) , where F p is in the range of 0 and 1. If resources are equally partitioned to all MGs, then the pointer achieves 1 [14, 30] :
In case of unicast transmission, (14) is formed as follows:
where, b k,n denotes the achieved bit rate of user k on subcarrier n.
Numerical Results
In this section, we give the performance of the LCRA in comparison with the reference multicast and unicast schemes described in the previous section. We launch simulations for various scenarios and those are outlined in the following.
LCRA Scheme versus SNR.
In Figures 3 and 4 , we have set target BER = 10 −6 and the SNR varies from 0 to 40 in increment of 5. The number of multicast groups is G = 4 for with Figure 3 shows the total system data rate versus the average SNR for the proposed LCRA scheme in comparison with the reference multicast and unicast schemes described in the beginning of the section, while Figure 4 gives the fairness pointer against the average SNR.
From Figure 3 , we see that multicast transmissions enjoy higher spectral efficiency than the reference unicast schemes and all LCRA variants achieve lower spectral efficiency than the algorithm in [8] , wherein fairness is not considered. On the other hand, in Figure 4 LCRA variants show more fairness than the algorithm in [8] which is an objective goal of the proposed approach. to 10 −3 with average SNR being set to 20 dB. Figure 5 plots the spectral efficiency for various values of BER and shows that as the average BER grows the same happens with the achieved spectral efficiency. However, multicast schemes provide superior performance over unicast schemes. Specifically, the algorithm in [8] and max-SNR scheme give better results than the other schemes. On the other hand, from Figure 6 we see that fairness seems to be unaffected by the average BER. 
LCRA Algorithm versus Multiple MGs.
In this simulation case, various numbers of multicast groups are considered from 2 to 8, whereby SNR = 20 dB and BER = 10 −6 . Figure 7 depicts the spectral efficiency against the number of groups for all the aforementioned multicast schemes, while Figure 8 shows the fairness pointer against the number of MGs served by the BS.
From Figure 7 , we can see the tradeoff between the guaranteed number of resources for each MG and the achieved system spectral efficiency and as the number of MGs increases, the system data rate increases too, because of the additional multiuser diversity. In parallel with achieved spectral efficiency, the same happens with fairness pointer but in a different way. The difference is that fairness decreases as the number of MGs increases (Figure 8 ). According to conclusions in [31] , even if the number of MGs tends to infinity, the performance of all schemes will reach a bound.
LCRA and Bandwidth Distribution.
We consider two different multicast services which are provided to the available users. Thus, users are divided into two MGs, namely, MG-1 and MG-2 and we also consider that we have |K 1 | = |K 2 | = 8 users in each group. Figures 9 and 10 plot the total spectral efficiency as well as the total fairness obtained when there is no pathloss difference between the two MGs. Similar plots are shown in Figures 11 and 12 when there is 5 dB pathloss difference between the two MGs. Individual group transmission rates (bits/s/Hz) when pathloss does not exist and when pathloss exists are given in Figures 13 and  14 , respctively, while bandwidth distributions are shown in Figures 15 and 16 for the cases we study in this section. For ease of presentation, we consider 1 variant of the proposed LCRA algorithm with m = 2 which means that, for each MG, we guarantee C j = N/(2 · 2) = 32 subcarriers, where From Figures 9 and 11 , we see the negative impact of pathloss on the overall spectral efficiency as it is expected, for all schemes. Moreover, all schemes show similar performance in case there is no pathloss. On the other hand, when pathloss exists, LCRA gives lower system throughput from the algorithm in [8] and better results than TDMA ( Figure  11 ). Figures 10 and 12 show the decrease in the fairness pointer for all schemes and the slight increase in fairness differences among all schemes ( Figure 12 ) which pathloss brings about.
When there is no pathloss difference between the groups, individual MG rates seem to be very close as well as their assigned spectrum. More specifically, the average channel distribution is 64.6 and 63.4 subcarriers for MG-1 and MG-2, respectively. The proposed LCRA gives 64.4 subcarriers to MG-1 and 63.6 to MG-2 on average, while with TDMA, strict fairness exists with 64 subcarriers to each group. On the other hand, when pathloss is considered in simulations, we see that the group with less pathloss (MG-2) gives better performance than multicast group MG-1 in all schemes. The gap between the achievable bit rates of MG-1 and MG-2 is wider with the scheme in [8] and smaller with TDMA than in LCRA as we see from plots in Figure  14 . Moreover, Figure 16 shows that MG-1 in LCRA has International Journal of Digital Multimedia Broadcasting a bigger share of bandwidth with 37.3 subcarriers on average than with the scheme in [8] , which gives 14.3 subcarriers on average. In this case, when pathlosses exist, the proposed LCRA contributes more to system fairness. Note that, according to the parameter m, we can regulate system fairness as well as the bandwidth share of each multicast group.
Conclusion
In this paper, a resource allocation algorithm for the MIMO multicast systems over frequency-selective channels has been introduced. Multicasting enables multiple users to share a subcarrier and results have shown that this enhances significantly the total throughput. The capacity can become even higher by the presence of multiple MGs which bring more diversity into the system.
The proposed algorithm proved also to be very useful in systems wherein multiple MGs coexist, particularly in case their wireless link conditions are very different. LCRA is capable of providing bandwidth access guarantees to MGs in a flexible and controllable way that other reference schemes are unable to provide.
In parallel the proposed solution achieves low-complexity implementation by reducing the computational complexity from exponential to linear. Additionally, its computational complexity is independent of the presence of multiple antennas in both BS and users and as it is analyzed proved to be comparable with other low-complexity schemes.
